INTRODUCTION
Theoretical study of elastic waves excited by fracture sources has great importance in the field of acoustic emission (AE) [1] . Numerous solutions have been proposed to calculate the excited elastic waves in infinite plates for various AE sources [2] [3] [4] using complicated transformation and inverse transformation integrals. Although those solutions have found use in calibrating acoustic emission sensors [5] , they are difficult to extend for studying AE waveforms in finite plates where arbitrary source and receiver positions and edge reflections must be considered. The finite plate problem is especially important in AE testing on small laboratory plate coupons, such as the standard tensile and bending specimens.
To account for edge reflections, Gorman and Prosser [6] applied the normal mode solution to the classical plate bending equation to study the flexural (anti symmetric) wave excited by a step-function surface load on a finite thin plate. The solutions were obtained in simple explicit forms, and were shown in good agreements with the low frequency part of experimentally measured AE signal, including the reflections. However, due to the incorrect higher frequency solutions of the classical plate bending equation, their calculations do not give zero displacements in the received waveform prior to the first arrival of the Rayleigh surface wave. In addition, the classical plate theory can not be used to describe the dispersive behavior of the extensional (symmetric) mode. To overcome those limitations, a higher order Mindlin plate theory [7] [8] is applied here, instead of the classical plate theory, to compute the elastic wave solutions using the same normal mode expansion approach for a finite plate. Both the flexural and extensional wave motions are considered.
THEORY Flexural Mode Solution
In 1951, Mindlin [7] modified the classical plate theory to include the effects of rotary inertial and shear deformation, and introduced a shear correction factofT(" so that the zero-
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Edited by D.O. Thompson and D.E. Chimenti, P1enwn Press, New York, 1998 wavelength velocity limit of the flexural mode equals the Rayleigh surface wave velocity. The latter is important since it guarantees the correct time of first arrival for the flexural wave. The relevance of the Mindlin plate theory to analysis of the flexural mode in AE waveforms was suggested by Hutchinson [9] , and applied by Mal and his co-authors [10] for an infinite plate.
Assuming that the faces of the plate are at Z == ±h/2 in an (x,y,z) coordinate system, and the AE source can be described by a distributed force: j(x,y,z,t). Let first start with the definitions for the (x,y,z) components of the flexural mode displacements [7] : 
where the plate transverse shear modulus A = K 2 Gh and the rotary inertia I = ph3 /12.
For free vibrations in an infinite plate <l == 0), the dispersion curve of the flexural mode can be found by setting the right-hand side ofEq. (4) 
at high frequencies. From the latter, the shear correction factor K can be found [7] as:
The Mindlin-solution of the dispersion curve for the flexural mode was shown in [7] to agree extremely well with the exact 3-D elastic solution for plates with different Poisson's ratios. Now to calculate the forced flexural motion of a finite plate due to a distributed source j(x,y,z,t), let consider a simply-supported rectangular plate (0::; x::; a, 0::; y::; b). The initial conditions are w = a.v / 8t = 0 at t = 0 and the boundary conditions are W=/iW/1Jx2 =0 atx=O and x=a w=/Yw/;y =0 aty=O and y=b. (6) A Laplace transform is applied to Equation (4) to solve for ;(x,y, s) = r e-stw(x,y, t)dt To satisfY the boundary conditions (6), the normal mode solution forw is used here:
;(x,y,S) = LLWmn ;mn, (7) m-l n:..:l Substituting (7) in the Laplace-transformed Eq. (4) and eliminating the common factor W mn , one obtains the solution for the out-of-plane displacement w mn as: (8) where the Laplace-transforms of the force components f xmn' f ymn and f zmn are defined by (9) Finally w(x,y, t) can be found from the inverse Laplace-transform of solutions (7) and (8) as: (10) Extensional Mode Motion
In 1959, Mindlin and Medick developed a two-dimensional equation to describe the extensional motion in isotropic plates. The equation is applied here to derive the solution for the forced extensional motion in a finite plate. The derivation starts with the expansion of the (x,y,z) components of the extensional mode displacement in Legendre polynomials [8] :
Next the variational equation of motion can be rewritten in terms of UIO) 
where 1 is the Lame constant, 1(1' 1(2' 1(3 and 1(4 are the adjustment factors.
If the plate is infinite and the force j(x,y,z,t) is zero, the Mindlin-Medick solutions [8] for the velocities of the first three extensional ( symmetric) modes can be found from the three coupled equations on uCO) ,U (2) ,W(l) in Eq. (12). By equating the cut-off frequencies and their slopes of the first and second order extensional modes to the exact solutions, one obtains (13) where e = 2 (1-v)/(I-2v). Equation (13) gives the solutions for 1(1' 1(2' 1(3 and 1 (4' Next to calculate the forced extensional motion of a simply-supported rectangular plate (0:0:; x:O:; a, 0 : 0: ; y:o:; b) under a distributed load j(x,y,z, t), the same normal mode solutions as in Equation (7) are used. The Laplace transforms of eo (x,y, t), e 2 (x,y,t) and w C ]) (x,y,t) are (14) Substituting (14) in the Laplace-transformed Equation (12), one can solve for ;~~~ as:
Finally 10) and (15, 16) . Note that the derivation procedure can be easily extended to composite laminates. Next let discuss further the case of an arbitrary distributed load J (x, y, z, t) . One sees from Equations (2) and (12) to be solved first, and the solution for a distributed load can then be found using convolution techniques in both the space and time domains. The force components needed in solutions (8) and (15) for the base case can be found from Equation (9) as:
One sees from the above discussions that the source location can significantly affect the amplitude of the excited AE waveform. For example, for an extensional source in the xdirection, the amplitude of the excited flexural motion is proportional to z, which is the distance from the source to the plate mid-plane. On the other hand, an out-of-plane source (fz * 0) at the plate mid-plane will not excite any extensional mode due to z = o.
COMPARISON WITH EXPERIMENTAL RESULTS AND 3-D CALCULATIONS
To validate the Mindlin-plate solutions (10) and (16) for finite plates, numerical calculations were performed for AE waveform on a 305/405/3.175 mm aluminum plate (E = 68.56 GPa, JF0.352 and p=2.78 glcc) due to a surface lead break. The lead-break is commonly used as a simulated AE source and can be approximated as a point step-function load. Figure 1 shows the calculated Mindlin-plate solution (the solid line) along with the experimentally measured out-of-plane displacement (the dashed line) by an HeINe laser interferometer. Note that all the normal modes in solutions (10) and (16) below 2.5 MHz were summed together to produce the theoretical curve. For example, in the flexural (antisymmetric) wave solution (10), the highest mode below 2.5 MHz is at m= 544 and n= 723 and the lowest mode (m'~n= 1) has a frequency of 129 Hz. One sees from Fig. 1 that the Mindlin-plate solution matches well with the laser interferometer result including the early part of the edge reflection.
Due to the noise level in the laser interferometer measurement, the interferometer result can not be used to compare with the Mindlin-plate solution for the small So mode signal at the front part of the waveform. In stead, an independent calculation was performed on the So mode using the 3-D integral transform method as outlined in [4] . The result was plotted in Fig. 2 along with the Mindlin-plate solution for the S modes calculated using Eq. (16) shown in a much finer time and amplitude scales. One sees from Fig. 2 that both calculations agree well with each other at the early part of waveform. There are a lot more differences in the later part of the waveform, most of them are probably due to the absence ofS) and S2 modes in the 3-D calculations. 
EFFECTS OF RECEIVER SIZE AND FREQUENCY, AND EDGE REFLECTIONS
In practical AE applications, the receiver is usually a transducer of a finite diameter other than a point receiver such as a laser interferometer. The size of the receiving area can greatly affect the mode content and pulse shape of the acquired AE waveform, since different modes have different velocity and are added in different fashions within the receiver area. Thus, in some cases, it is possible to select an optimum receiver size to emphasize a particular wave mode in the AE waveform. This is especially useful in plates, where mode identification can be done based on the pulse shape determined by the mode dispersion characteristics. For example, the frequency in an So mode pulse increases as the arrival time increases, while in an Ao mode pulse, it decreases as the arrival time increases. Since the So mode is the first-arrival of the received AE waveform in plates, it is important to construct an AE receiver that emphasizes the So mode.
Unfortunately, the So mode in Fig. 1 has a much higher frequency content and a much smaller amplitude than the later -arriving flexural mode. One can increase the amplitude of the So mode by using a larger receiver with better responses at higher frequencies. Let first consider the effect of the receiver size on the So mode. Figure 3 shows the calculated S modes summed over receiving areas of different sizes for the same setup as in Fig. I . The summation was done by integrating the Mindlin-plate solution for the extensional mode (16) over the receiving area. As expected, the amplitude of the signal increases as the receiver diameter D increases. More importantly, the pulse shape of the first-arriving So mode changes significantly as the receiver gets larger. For receiver diameter greater than 0.25" (6.3 mm), the Somode pulse loses its distinctive dispersion shape and can not be identified just based on the pulse shape. Thus it seems that a 0.25" receiver area is the best for detecting the So mode in this case as the receiver can sum up enough signal amplitude and still preserve the desired pulse shape.
Next let consider the effects of the receiver frequency and edge reflections. Fig. 4 shows the experimentally measured AE waveform received by a 2.25 MHz 0.25" wideband transducer for a 3 mm lead break on a different 1/8" (3.175 mm) alurri.num plate. The predicted waveform (the solid line in the figure) were computed by convoluting the Mindlin-plate solutions (10) and (16) with the transducer frequency response and then integrating the convolution results over the transducer area. The transducer frequency response was found by the standard bulk wave calibration measurements using the HeINe laser interferometer. One sees from the figure that the So mode is further emphasized due to better transducer responses at higher frequencies, and the reflections of both the So and Au modes are quite significant. Once again the predicted waveform agrees well with the experimental result, including all the edge reflections. Note that the ability to predict the edge reflections by the Mindlin-plate normal mode solution is critical in smaller plates such as the narrow tensile specimens used for laboratory mechanical testing 
CONCLUSIONS
Simple explicit formulas are derived for AE waveforms in finite plates excited by an arbitrary distributed source using the normal mode solutions to the Mindlin plate theory. It has been shown numerically and experimentally that the obtained solutions accurately describe both the flexural and extensional motions including edge reflections. Applications of the numerical results to analyzing the effects of the receiver size and frequency, source location and edge reflections on the resulting AE waveform in finite plates are also given.
